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ABSTRACT: We present dynamical intersecting brane solutions in higher-dimensional grav-
itational theory coupled to dilaton and several forms. Assuming the forms of metric, form
fields, and dilaton field, we give a complete classification of dynamical intersecting brane
solutions with /without M-waves and Kaluza-Klein monopoles in eleven-dimensional super-
gravity. We apply these solutions to cosmology and black holes. It is shown that these
give FRW cosmological solutions and in some cases Lorentz invariance is broken in our
world. If we regard the bulk space as our universe, we may interpret them as black holes
in the expanding universe. We also discuss lower-dimensional effective theories and point
out naive effective theories may give us some solutions which are inconsistent with the
higher-dimensional Einstein equations.
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1 Introduction

Recently there have been works on dynamical spacetime-dependent solutions of super-
gravity involving branes which are of cosmological interest. The dynamical solutions of
supergravity have a number of important applications. In the original version [1], one
considers a spacetime-dependent brane solution with five-form flux and gravity in the ten-
dimensional type IIB supergravity. In the presence of the spacetime dependence in the
background metric, one finds, even for the general black p-brane system [2-4], that the



structure of warp factor which depends on the space and time is different from the usual
“product type” ansatz [5-8|.

In addition to spacetime-dependent brane solutions in higher-dimensional supergravi-
ties, there are several analyses of lower-dimensional effective theories after compactifying
the internal space [9-12]. The same considerations also apply to the string theories which
are of much interest as an approach to behavior of the early universe. However, it has
been pointed out that the four-dimensional effective theories for warped compactifica-
tion of ten-dimensional type IIB supergravity may not provide solutions in the original
higher-dimensional theories [9, 13]. This caution can be generalized in various p-brane
solutions [14] and intersecting branes as shown in this paper. This possible inconsistency
has been known for some time, but it should be kept in mind in the recent study of moduli
in higher-dimensional theories using four-dimensional effective theories.

Another significant fact is that more general dynamical brane solutions arise if the
gravity is coupled not only to single gauge field but to several combinations of scalars and
forms as intersecting brane solutions in the supergravity. The intersecting brane solutions
were originally found by Giiven in eleven-dimensional supergravity [15]. After that, many
authors investigated related solutions such as intersecting membranes, and they constructed
static new solutions of intersecting branes [16-25]. For a nice review, see [26]. Further-
more, a different class of dynamical brane solutions which depend on both time and space
coordinates have been found in [27], and special intersecting dynamical solutions of D4-D8
are given in [14].

In the present paper, we give general dynamical solutions of intersecting brane systems
in D-dimensional theories, which may have more general applications to cosmology and
black hole physics, and discuss their implications to lower-dimensional effective theories.
We show that these solutions give FRW universe if we regard the homogeneous and isotropic
part of the brane world-volumes as our spacetime, whereas they give black hole solutions in
FRW universe if we regard the bulk transverse space as our spacetime. We also show that
in the former case, Lorentz invariance may appear broken in our four-dimensional world
though more elaborate solutions may be necessary to obtain realistic models. Although our
solutions contain general intersecting brane solutions including D-branes and NS-branes,
we discuss M-branes mainly in our following discussions for simplicity. Other branes can
be obtained by dimensional reductions and T-duality.

The paper is organised as follows. In section 2, we first consider intersecting p-brane
systems in D-dimensions and derive general dynamical intersecting brane solutions under
certain metric ansétze. In section 3, focusing on intersecting M-brane systems in the eleven-
dimensional supergravity, we give a classification of dynamical intersecting brane solutions
without M-wave and Kaluza-Klein(KK)-monopole, and discuss spacetime structure of the
intersecting branes. A complete classification of these solutions is given in appendix B.
In section 4, applications of these solutions to cosmology and black hole physics are dis-
cussed. In section 5, dynamical intersecting brane solutions involving M-wave and KK-
monopole are discussed together with their applications to cosmology and black holes. In
section 6, we discuss lower-dimensional effective theories for the warped compactification of
the brane systems in eleven-dimensional supergravity and discuss that Lorentz invariance



in our spacetime may appear broken in our solutions. Section 7 is devoted to concluding
remarks. Dynamical solutions of single branes are summarized in appendix A, and the
complete classification of intersecting M-branes are given in appendix B. Solutions with
M-wave and KK-monopole are given in appendix C, and their intersections with M-branes
are given in appendix D.

2 Solutions of dynamical intersecting branes

In this section, we consider dynamical intersecting brane systems in D dimensions. We
write down the Einstein equations under certain metric ansétze, which are a generalization
of those of known static intersecting p-brane solutions. We then solve the Einstein equa-
tions and present the solutions explicitly. To compare the results of intersecting p-brane
with those of single p-branes, we summarize the dynamical solutions of single p-branes in
appendix A.

Let us consider a gravitational theory with the metric gp;y, dilaton ¢, and anti-
symmetric tensor fields of rank (p; + 2), where I denotes the type of the corresponding
branes. The action for the intersecting-brane system is written as

1
5= 2/{2/

where 2 is the D-dimensional gravitational constant, * is the Hodge dual operator in the

Rx1p — —dqb A *xdp — Z I¢F(p]+2) AN*Ep,49) ] (2.1)

+2)

D-dimensional spacetime, c¢; is a constant given by

2(pr + 1)(D —pr — 3)
D—2 '

F=4- (2.2)
The expectation values of fermionic fields are assumed to be zero. The action (2.1) describes
the bosonic part of D = 11 or D = 10 supergravities; we simply drop ¢ and put ¢; = 0
and p; = 2 for D = 11, whereas we set ¢; = —1 for the NS-NS 3-form and ¢; = %(3 —p1)
for forms coming from the R-R sector for D = 10. There may be Chern-Simons terms in
the action, but they are irrelevant in our following search for the orthogonally intersecting
solutions. To describe more general supergravities in lower dimensions, we should include
several scalars as in refs. [2, 28], but for simplicity we disregard this complication in this
paper.
The field equations are given by

1 1 1
—_ — — J— EICI¢
Ryrn 23M¢5N¢ +3 E[ o 2)!6

pr+1
X |:(p[+2)FMA2---ApI+2FNA2 AP1+2 — 29MNF( I+2) s (23&)
1 €rcy
Ob = = A pdp2 2.3b
0= 52 v Tl (23]
d <ecf¢ « F(p1+2)> — 0, (2.3¢)

where [ is the D-dimensional D’Alembertian.



To solve the field equations, we assume the D-dimensional metric of the form
ds® = A(t, 2)u;j(2)dz"dz" — B(t, z)dt* + Z Cl(t, 2)(dz™)?, (2.4)
a=1

where u;;(z) is the metric of the (D — p — 1)-dimensional Z space which depends only on
the (D — p — 1)-dimensional coordinates z*. A, B and C(® are given by

A=T] i), B=TT e, €@ =Tt 25)
1 1

1

(a)

where the parameters ay, by and ¢}’ are defined by

1 D —pr— o
pr+ b1:—¢3 cg):{bl for a el (2.6)

D -2’ D-2 "~ aj for adl’

and hy(t, z), which depends on ¢ and 2¢, is a straightforward generalization of the harmonic
function associated with a brane I in a static brane system [16].

We also assume that the scalar field ¢ and the gauge field strength F{, ) are given by

e =11 B2 By = d(h7') AQ(X)), (2.7)
I
where X; is the space associated with a brane I, and €; is defined by

(2.8)

+  for the electric brane
€ = ,
! —  for the magnetic brane

and Q(X7) = dt AdxP* A --- AdzP! is the volume (pr + 1)-form. The field strength in (2.7)
is written for electric ansatz, but the final results are basically the same for magnetic
ansatz. In what follows, we write our formulae mainly for electric case with comments on

modifications for magnetic case.

Let us assume [16]

ADP-r=3) g ﬁ cl@ =1,
a=1
5] <c(“>>71 ererd = h2, (2.9)

acl



The Einstein equations (2.3a) then reduce to

1
5 Z [M]]/ — 25]]/ -2 (CL[ - 6[[/0,]/)] at In h[at In h]/

1,1
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I 1 g
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1 1,1’
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where R;;(Z) is the Ricci tensor of the metric u;;, and My is given by
1
My = brbp + Z cga)cg(,l) + (D —p—3)arap + erercrcr (2.11)
«
Let us consider eq. (2.10b). We can rewrite this as

8t8,~1nh1
My 4+ 25—t 1 9,Inh;0; Inhy = 0. 2.12
;[ 1+ 205 Btlnh[(?ilnhj] Inhro;Inny ( )

In order to satisfy this equation for arbitrary coordinate values and independent functions
hr, the second term in the square bracket must be constant:

8,582‘ In h[

_ AT e 2.13
o nhO;Inh; 1 (2.13)

Then in order for (2.12) to be satisfied identically, we must have
My + 2k = 0. (2.14)
Using egs. (2.2), (2.6) and (2.11), we get
My = (pr + )8 + (o~ pr)ad + (D —p—3)a} + 2.3
= 2. (2.15)
This means that the constant kj in eq. (2.14) is k; = —1, namely

MII/ = 2611/. (2.16)



It then follows from eq. (2.13) that
0;0i[hr(t,2)] =0. (2.17)
As a result, the warp factor h; must be separable as
hi(t,z) = Kr(t) + Hy(z) . (2.18)

For I # I, eq. (2.16) gives the intersection rule on the dimension p of the intersection
for each pair of branes I and I’ (p < pr,pr) [16, 19, 29, 30]:

Dipp +1 1
(pl +D)(_p; + ) — 1= 56]0161/01/- (2'19)

ﬁ:

Let us next consider the gauge field. Under the ansatz (2.7) for electric background,
we find

dF 49y = by (20; nhid; In by + hy'0;0;hp)d2" Adz? A Q(Xp) = 0. (2.20)

Thus, the Bianchi identity is automatically satisfied. Also the equation of motion for the
gauge field becomes

dle 1o « F(p1+2)i| = —d [8Zh1 {*Zdyi AN *XQ(XI)}]
= — (0 0ihrdt + Dzhrdy') A [#zdy’ A +xQ(Xp)] =0,  (2.21)

where *x, *z denotes the Hodge dual operator on X(= U;X;) and Z, respectively, and we
have used egs. (2.9). Hence we again find the condition (2.18) and

Azhr = 0. (2.22)

We note that the roles of the Bianchi identity and field equations are interchanged for
magnetic ansatz [16, 19], but the net result is the same.

Let us finally consider the scalar field equation. Substituting the scalar field and the
gauge field in (2.7), and the warp factor (2.18) into the equation of motion for the scalar
field (2.3b), we obtain

-TI ht" > erer |h'OPE 4+ 0 nhr Y Oy Inhy — (9 Inhy)’
I// I/

1
—i—Hh;,aI” Zh;16]C[AzH[ =0. (2.23)
i 1

This equation is satisfied if

O}Kr =0, (2.24a)

AzH;p =0, (2.24b)

> erer |Onhr Y O Inhy — (9 Inhy)?| = 0. (2.24c)
1 I’



eq. (2.24a) gives K; = Ayt + By, where where A; and Bj are integration constants.
Eq. (2.24c) can be satisfied only if there is only one function h; depending on both z'
and t, which we denote with the subscript I, and other functions are either dependent on
2* or constant. Hence we have

Kf = Aft + Bf’

K; =By, (I#]1I). (2.25)
The remaining Einstein equations (2.10) now reduce to
Z [a[ — (5[[/0,[/](% lnh[at lnhll = O, (226&)
Lr
> oInh Y by — (0 Inhs)?*| =0, (2.26D)
I I

Ri;(Z) = 0. (2.26¢)

Obviously the first two sets of equations (2.26a) and (2.26b) are automatically satisfied by
our solutions in which there is only one function h; depending on both ¢ and Z'. Given
the set of solutions to egs. (2.18), (2.24b), (2.25), and (2.26¢), we have thus obtained
general intersecting dynamical brane solutions (2.4). For static (time-independent) case,
our solutions are consistent with the harmonic function rule [31], but are more general
with spacetime-dependent functions. Note that the internal space is not warped [9] if the
function Hj is trivial.
As a special example, we consider the case

uij = 0ij , (2.27)

where §;; is the (D — p — 1)-dimensional Euclidean metric. In this case, the solution for H;
can be obtained explicitly as

Qr.x
)=1 , 2.98
ISR . o

where @7, ’s are constant parameters and zj represent the positions of the branes in Z
space.! For K; =0 (A; = Bf = 0), the metric describes the known static and extremal
multi-black hole solution with black hole charges Q; ; [16, 19, 32].

3 Classification of dynamical intersecting M-branes

Now, we give a classification of multiple intersections of M-branes in eleven dimensions. The
intersections of D-branes and other branes can be obtained by dimensional reductions and
T-duality. We look for the possible configurations of intersecting branes by use of (2.19).
It turns out that no configuration is possible for more than eight branes [33]. In what
follows, we present explicit solutions. The case with M-waves or KK-monopoles will be
discussed later (section 5).

! Here we show the solution without compactification of Z space. One may also discuss the case that
g-dimensions of Z space are smeared, which gives the different power of harmonics, i.e. |z — zk|7(D —p=3-q)
(<D-p-2).
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Table 1. M5-M5 brane system

3.1 Dynamical intersecting M-branes

In our solutions (2.4), only one time-dependent brane is allowed, which we denote by I.
Then we have

hj:hf(t,z) EAjt—i-Hf(Z). (3.1)

Here we set B; = 0 without loss of generality. We write the solution as

ds® = A(t, 2) | —go(t, z)dt? —|—Zga t, 2)(dx®) —i—Zga )2+ wij(2)dz"d2 |
ael adl
(3.2)
with
A= [Ast + Hj(z a’HHI ., g0 = [Apt+ Hj(z HHI L
T#T T#T
_ N )
g9a = [Apt+ Hy(2)] " T] H; " : =[[H"" . (3.3)
I#I 141
where
p;+1 (@) 1 for €1
o d = . 3.4
“UTp_g o M 0 for ad¢l (34)

Here we divide the coordinates of brane World volume ({z®}) into two parts ({2}, {ya})
the first are the p;-dimensional coordinates 2% which describe the time-dependent brane I,
and the second are the (p — pj)-dimensional coordinates y* which represent the remaining
space of the brane world-volume.

Let us now give one simple example of M5-Mb5 brane system. The intersection
rule (2.19) gives the brane configuration in table 1. The mark / in the table shows which
brane is time dependent, though in this case there is no difference whichever of the two
M5’s is chosen. The metric is then given by

5
ds* = (hgHs5)*3 [(h Hs)~ ( dt? + Z dz® ) +hz Y (da®)?
a=4

+H! Z:(dyo‘)2 + uijdzidzj] , (3.5)



that is

A= (hgHz5)??,
g=9i=95=95=(hgH5)"' , g3 =95 =h;", (3.6)
g1 =92 =Hy ",

where
hz = Ast + Hz(2). (3.7)
The form field is given by
Fay = — *7 (dhg) A da A da® — x7 (dHs) A dy® A dyT (3.8)

where xz is the Hodge dual operator in the three-dimensional Z space.
The complete classification and explicit metrics for intersecting brane systems are
summarized in appendix B.

3.2 Spacetime structure of the intersecting branes

Near branes (|z| ~ 0), the spacetime structure is the same as that of the static solution
unless the dimension of Z space is one. This is because the metric components diverge
as |z| — 0 and the static harmonic parts dominate the time-dependent terms. In that
case, we know that M2-M2, M2-M5, M2-M2-M2, M5-M5-M5, M2-M2-M5-M5 systems are
regular on the branes.

If Z space is one-dimensional, then we have h; = Azt + >, Q1 |z — 2;|. Hence any
points on the branes (z = z;) are regular, and time dependent.

Even if the near-brane structure is regular, we expect another type of singularity may
appear at hj(t,z) = 0. Since hj is a linear function of ¢, it vanishes once for any position
zatt= _Hf(z)/Af‘

When we take the limit of H; — 0 (or finite) as |z| — oo for dim(Z) > 1 (or |z| is
finite for dim(Z) = 1), the spacetime turns out to be time dependent and homogeneous.
To see its dynamical behaviour, we introduce a new time coordinate

T =1o(Apt)l 2, (3.9)

where 7y = ﬁ The asymptotic solution is rewritten as

qu B QQK .
ds? = —dr2+ (L~ dz? 4+ (L dy®)? + uydzids 3.10
mrt e (2] S (1) (S v ) @10

where

af_lz_D_pf_3 L pi+1 (3.11)
af—l—l D—|—p1~—1, C])( ‘

qf =



More explicitly, for the case of M-theory (D = 11), we find

ap=1/3, g; = —1/2, g = 1/4, for I = M2 (p; = 2), (3.12a)
aj=2/3, g = —1/5, a; = 2/5, for I =M5 (p; =5). (3.12b)
Hence, we find a Kasner-like expansion:
pig; +rpay = 1, (3.13a)
pilap)® +pylap)® = 1. (3.13D)

where Py = (D —pj—1) is the dimension of the space volume perpendicular to the I-brane
world-volume. Eq. (3.13a) is always satisfied for any brane configuration, but eq. (3.13b)
is true only for M-theory because no dilaton appears.

This time dependence is also correct if we fix the position in Z space, although the
metric is locally inhomogeneous in the bulk space.

4 Applications to cosmology and black holes

4.1 Cosmology

Now we discuss how these solutions are applied to our physical world. Since we consider
time-dependent solutions, it is natural to discuss cosmology. Suppose that our three-
dimensional universe is a part of branes. Since our universe is isotropic and homogeneous,
same branes must contain this whole three dimensions. Hence we should look for whether
there is a solution with an isotropic and homogeneous three space from a list of our solutions
given in appendix B. Note that this does not mean that the three space must be contained
in all branes. We find just six cases, i.e., M2-M5, M5-M5, M5-M5-M5, M2-M5-M5, M2-
M2-M5, and M2-M2-M5-M5 brane systems. In some cases, we have two different expansion
laws for our universe depending on whether the brane on which our world exists is time
dependent or not.

We then compactify some dimensions to fit our three space. We assume that our uni-
verse is one of the branes (or its three-dimensional part), which can be the time-dependent
one (I) or the static one (I(s I)). Hence our universe stays at a constant position in the
bulk space (z = z;). Note that among the above spacetimes, only M2-M5 and M2-M2-
M5-M5 brane systems are regular on the branes. For other configurations, the curvature
diverges there. Hence one need invoke a mechanism to avoid singularity if our world is
confined on the brane.

We describe our three space Z by the coordinates & = (¢1,£2,¢3). There are two
possibilities: One is that = belongs to some part of the time-dependent brane world-volume
X7 (case 1), and the other is that = is contained in a part of only static brane world-volume
Y (I # I), which does not belong to X; (case 2).

For the case 1, the metric (3.2) is described by

ds® = ds3 + dsg_?, +ds? g (4.1)

,10,



where

dsi = A |—godt® + ge Z:(dwa‘)2 ,
L acE
ds?,_g =A Z ga(dz®)? + Zga(dy“)z )
| ag=, ael adgl
dsty = Augjdz'dz? . (4.2)

From our ansatz, gs's for our three space (& € Z) are the same, which we denote g. d312,73
is the part of compactified brane world-volume, and ds%ulk describes the empty bulk space.
We have to describe our 4-dimensional universe in the Einstein frame, which is given by

ds3 = ] (Aga)'? ] (Aga)'/? ds?

ags, acl agl
= hjsf(t, z)F5(2) [—fo(z)dt2 + fg(z)dEZ] , (4.3)
where
1 (p—1)
1= |- 0+ B+ ).
(pr+1)(p—1) -~ (&)/2 . (a)/2
Fr=11H """ x I (II#™ <TT(TTH:™ :
I£T a¢=, ael \I#T agl \I#I
NG)
fo=11H:", fe=11H"" (4.4)
TAT TAT

Here note that the middle factor in F; has the exponent fy§&) which is nonvanishing for the
case where the coordinate 2% belongs to time-dependent brane as well as time-independent
I brane.

For the case 2, we have

dsi = A|—godt® +ge > (dy™)*]
acE,¢l

dsf,,;s =A ng(dxd)2 + Z ga(dy®)? |,
|ael ad=, Tl
dsto = Aujjdz'd2? . (4.5)

Hence the 4-dimensional metric of our universe in the Einstein frame is

ds? = H (Aga)/? H (Aga)'/? ds?

ael ags,¢l
= by (6 2)Fy(2) [~ fo(2)de? + hiy(t, 2) fe()d€?] | (46)

— 11 —



where

1 ) (p-1)
(pj+1)(p—1) (5‘)/2 a)/Q
2(D—-2 - v
r=TTm o < T\ )« I (T 7).
I£T ael \I#I ag=,¢l \I#£I

Since we fix our universe at some position in the bulk Z space, z is constant in the
above metric. Hence we find the isotropic and homogeneous universe. We introduce the
cosmic time 7, which is defined by

Ti(Apt)1t2)/2  for the case 1
T = , (4.8)
Tf(Aft)(sKH)/Q for the case 2

where 7; = 2/[Aj(s; + 2)] and Ty = 2/[A ( + 2)|, respectively. The scale factor of the

universe is given by
Bi
N T
or = (i = (2,
70

ag = (Ap)CTHD2 = <l>6X , (4.9)

where

S7 (Si +
~ = d & =
15 n and (3

) (4.10)

The power of the cosmological solution for each possible model is listed in table 2.
Since the time dependence in the metric comes from only one M-brane (or D-brane) in
the intersections, the obtained expansion law may be too simple. In fact, we find the
Minkowski space, which is static, in almost every case.

In order to find an expanding universe, one may have to smear and compactify the
vacuum bulk space as well as the brane world-volume. Suppose k-dimensions of the bulk
Z space are smeared and compactified, where k < dim(Z) = D — p — 1. The metric in the
Einstein frame is multiplied by the extra factor A¥/2. As a result, we find new exponents
of the metric are

() _ k‘(Pf+ 1)
i PO EDR
*) k(pf + 1)
¢ = 2(D %) (4.11)

The power of the scale factor is given by the same equations (4.10) by replacing s; with
s%k) (or 5§ with s(~k)). We also show these explicit powers in table 2. However, even for the

!
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branes dim(Z) | sjor 5§ Bj or ﬁi ﬁ;-l) or B%l) B?) or B%Q) B;S) or 6%3)
M2-M5 4 —1/3 ~1/5 0 1/7 1/4
M5-M5 3 0 0 17 1/4 —
case 1 M5-M5-M5 1 2/3 1/4 — - -
(I=M5) | M2-M5-M5 3 0 0 1/7 1/4 -
M2-M2-M5 3 0 0 1/7 1/4 —
M2-M2-M5-M5 3 0 0 1/7 1/4 —
M2-M5 4 —7/6 ~1/5 0 1/7 1/4
case 2 M2-M5-M5 3 -1 0 1/7 1/4 -
(I=M2) | M2-M2-M5 3 -1 0 1/7 1/4 -
M2-M2-M5-M5 3 -1 0 1/7 1/4 —

Table 2. The power exponent §; ( or Bi ) of the scale factor a; ( or ay ) of possible 4-dimensional
cosmological model is given, i.e. a o< 77, where 7 is the cosmic time. The last three columns are for
the case of smeared and compactified bulk space.

fastest expanding case a o 74, the power is too small to give a realistic expansion law
such as that in the matter dominated era (a o< 72/3) or that in the radiation dominated
era (a oc 71/2).

Hence we conclude that in order to find a realistic expansion of the universe in this
type of models, one have to include additional “matter” fields on the brane.

4.2 Time-dependent black holes

Since the static (or stationary) intersecting brane system describes the microstate of a black
hole, it may be natural to apply the present solutions to a time-dependent spacetime with a
black hole. In this case, just as the case of a static black hole, we should compactify all brane
world-volume, and obtain the d-dimensional spacetime, where d = D — p = dim(Z) + 1.
Our metric is described as

ds? = ds? + dsg , (4.12)
where
dsz =A [—godt2 + uijdzidzj] ,
dsy = A | galdz®)? + > galdy®)?| . (4.13)
ael adl

The compactification of dszz, gives the effective d-dimensional spacetime, whose metric in

the Einstein frame is given by

dsf =[] (Aga)" " TT (Aga) 2 A (—godt? + ujjdz'dz") (4.14)

ael adl

which is rewritten explicitly as

dsy = B Fp(2) (= fo(2)dt? + hy(t, 2)ugidz"dz") (4.15)
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where

d—3
SBH = —ma
(pr+1)(p+2) (&) g NN
FBH(Z) _ HHI(d—Q)(D—Q) H HHI 1 /(d—2) H HHI V1 /(d—2) ) (416)
I£T ael \I#I adl \I#I

We look for a four or higher dimensional “black hole”, i.e. d > 4, or equivalently
dim(Z) = D — p — 1 > 3. In M-theory, this implies that p < 7. The corresponding brane
systems are M2-M2, M2-M5, M5-M5, M5-M5-M5, M2-M5-M5, and M2-M2-M5-M5.

The near-brane geometry is the same as the static one because h; — Hj(z) as z — 2z,
and then the geometry approaches the static solution. If it has a horizon geometry, we can
regard the present time-dependent solution as a black hole. We know that only two cases
(M2-M2-M2, M2-M2-M5-M5) give regular black hole spacetimes in the static limit.

On the other hand, the asymptotic structure is completely different. The static solution
has an asymptotically flat geometry, but the present solution is time dependent. In fact,
setting h; = t/to + Hj, from eq. (4.15) in the limit of |z| — oo, we find

t SBH t ) )
ds% = <t_> [—dt2 + <t_> ul-jdzzdzj]
0 0
= —d7? + agy(7T) wijdz'dz’ (4.17)
where
BeH
-
=(— 4.18
amn=(Z) . (1.18)
with
spa + 1 1 2 2(d —2)
o= 2 d—1" ™ spma20T g-1 (4.19)

Hence our solution approaches asymptotically the FRW universe with the scale factor apy.
So, if the static solution gives a black hole, then we can regard the present solution as a
black hole in the expanding universe. In table 3, we show a list of the power exponent of
asymptotic expanding universe for the possible black hole (or black object) model.

If we smear and compactify the vacuum bulk Z space just as the case of cosmology, we
find the different power exponent of the scale factor, which is also shown in table 3. As a
result, we always find the same power gy = 1/(d — 1) for a d-dimensional black hole (or
black object). This power exponent is obtained for the universe filled by stiff matter whose
equation of state is P = p. Therefore we may regard the present d-dimensional solution as
a time-dependent black hole in the stiff-matter dominated universe.

Here we give one explicit example of M2-M2-M5-M5 brane system. We assume that
one M2 brane is time-dependent.

52 = — (hsHyHsHy)~*? dt* + (hs HoHs Hy)"/? (dr? + r2d03) (4.20)
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branes d I SBH BeH 1(3k})1 BH

M2-M2 7| M2 | —4/5 | 1/6 | 1/5, 1/4,1/3 (k=1,2,3)
M2-M5 5| M2 | —2/3 | 1/4 1/3 (k=1)

M5 | —2/3 | 1/4 1/3 (k=1)
M5-M5 4 M5 | —1/2] 173 —

M5-M5-M5 | 4 | M5 | —1/2 | 1/3 —
M2-M5-M5 | 4 | M2 | —1/2 | 1/3 —
M5 | —1/2 | 1/3 -
M2-M2-M5 | 4 | M2 | —1/2 | 1/3 -
M5 | —1/2 | 1/3 -

M2-M2-M2 | 5 | M2 | —2/3 | 1/4 1/3 (k=1) v
M2-M2-M5-M5 | 4 | M2 | —1/2 | 1/3 — v
M5 | —1/2 | 1/3 - v

Table 3. The power exponent of the asymptotic expansion for “BH” spacetime. Only the brane
systems marked in the column “BH” have regular horizons.

where
t Qs
hy = — + =2
2 t0+ T"
Hy=1+2 g1+ 9 g9 (4.21)
T T T

This metric is rewritten as

ds? = —(HzHoHsHs)~Y2dr? + a2y (1) (Hs HyHs Hy ) /2 (dr® +1r2dQ3) ,  (4.22)

where
~ 1
- ~ 3
Hy=1+ Q) d apn = <l> , (4.23)
T T0
with
_4 4
~ T 3
5= | — 5 d = —1y. 4.24
5 <T0> Q27 al 70 3 0 ( )

The power 1/3 in eq. (4.23) is the one given in table 3.

5 Intersecting M-branes with M-waves and KK-monopoles

Now we discuss the dynamical intersecting brane solutions including M-waves and KK-
monopoles in eleven dimensions. The dimensional reduction of these generates the Kaluza-
Klein electric or magnetic charges in the 2-form field strengths [32, 34-36]. In (D — 1)-
dimensional spacetime, one can obtain the electric 0-brane and the magnetic (D — 5)-brane
solutions. Lifting up those solutions by one dimension, we obtain the KK-wave and KK-
monopole in D-dimensions, respectively. In particular, KK-wave is called “M-wave” in
eleven-dimensional theory [37, 38]. We briefly summarize those objects in appendix C.

We extend our brane solutions given in section 3 to the cases with M-waves and/or
KK-monopoles. For the static case, there is a classification of the multiple intersecting
branes with the M-waves and/or KK-monopoles [33, 34].
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o1 ]2|3]4] 5 6 | 7| 8 9 10 I | cos | BH
M2-W M2 o] oo @ | - | v
W o] ¢ (b) v
M5-W M5 |of| o lolo]o| o (a) Vi Vv
W |o| ¢ (b) Vv
M2-KKM | M2 |o| o |o @ | v | v
KKM [o| o |[o]o|o]| o o ¢ | A LAl A wmy | vV
M2 | o o ° © | v |-
KKM o] o |o]o|lo]| o o el AM LA A @ | v -
M5-KKM | M5 |o| o |o|o|ol| o @ | v |V
KKM [o| o |o|o|lo]| o o | AM LAM A m) | vV
M5 [o| o |ofo o o | (12| v | -
KKM [o| o |o]o|o]| o o | ¢ Al A A @2 | v | -
W-KKM w o | ¢t (a) vV
KKM [o| o |[o]o|o]| o o A A A b | vV
KKM-KKM | KKM [ o | o |o|o|o|B™ | B™ | ¢ | o o | B @ | v | -
KKM [o| o |o]o|o]| o o | ¢ | Al Al | Al
KKM [o| o |o]o|lo| ¢ [B™ o] o [B™|B™ ]| ®» |v]| -
KKM [o| o |o|o|ol| o o || Al | Al | Al

Table 4. The brane configurations following the intersection rule with M-wave (W) and/or KK-
monopole (KKM). The brane systems marked in the columns “cos” and “BH” can be used for
cosmological and black hole systems. The labelling (a), (b), --- in the column “I” denotes which
brane (or M-wave, KK-monopole) is time dependent. In the second case of M5-KKM system, there
are two possibilities which space dimensions can be our three space, i.e., the case 1: [(£1,£2,€3) =
(x', 22, 23)] and the case 2: [(¢1,£2,€3) = (2%, 2°, 2%)]. We show them by (c¢)-1 (c)-2, or (d)-1, (d)-2.

We first show the intersection rule for the branes with M-wave and/or KK-monopoles,
which is summarized in table 4. In the table, circles indicate where the brane world-
volumes enter, ( represents the coordinate of the KK-monopole, and the time-dependent
branes are indicated by (a) and (b) for different solutions. When the solutions can be used
for cosmology and black hole physics, they are marked in the corresponding columns.

There are two configurations for two KK-monopole system as shown in table 4. The metric
of the former and the latter cases are given by

4 6 9
ds%yiins = —d + > (dz)? + by Y (dz)? + bz Y (d2%)? + Bt hun (d21°)°
a=5 a=8

a=1

2
() ™ G+ B2 + B0+ A4 AT+ (AR + B ) a2

(5.1)
2 2 - )2 62 8)2 S )2
ds“oxxy = —dt” + Z(dw )%+ hma (d2°)" + hm1 (d2°)" + hmihmo Z(dz )
a=1 a=9
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2
_{_(th)fl (dC5 + Bém)dz6 + Bém)dZQ + ngi)dZIO)

2
()~ (A7 + AT S+ AT 00+ A ) (5.2)

Next, we present the brane systems with M-wave or one KK-monopole. As we men-
tioned, only one brane can have time dependence in the present approach. It is also true
for the warp factor from M-wave or KK-monopole. Hence we have two cases for time-
dependent solutions, i.e. we can have either one time-dependent brane or time-dependent
M-wave (or KK-monopole).

In the former case, the metric forms for the spacetimes with M-wave and with KK-
monopole, respectively, are written as

ds?y = Alt,2) [go(t, 2) {—dt2 + (d¢N)? + fu(2)(dt — dci)z}

Y gt )+ D ga() ) + iy (), (53)
a#l,ael agl
dsgn = Alt, 2) { — go(t, z)dt* + Z ga(t, 2)(dz®)?
ael
dsidsd 1 =) ) 7.0
+> galz 2 i (2)uijdz'd2? 4+ ht(2) (d¢ + A;™ (2)dzY) |, (5.4)
gl
with
A= [At+H aIHH[ , QOZ[At+H HHI ,
I;ﬁ] I;ﬁ]
(@ (@
= [Ajt + Hi(» HH T =I1H" . (5.5)
I#1 I#I
where
o opptl (@ )1 for acl
“UITp_g and 777 = 0 for a¢l. (5.6)

The coordinate ¢ belongs to either X or Z. In the KK-monopole case, dim(Z)=3.
If M-wave or KK-monopole depends on time, we find the following solutions:

dst = A(z) [go(z) {—dt2 + <dCi>2 + fwl(t, 2) (dt - dCi)Q}
—I-Zga )2 4 (2 )dzidzj], (5.7)
dsgn = A(2) [ — go(2)dt* + Z 9a(2)(dz®)?

o 2
+hm(t, 2)uidz'dz? + hl(t, 2) <d§ + AZ(-m)(z)dz’> ], (5.8)
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0 1 3 4 5 6 7 8 9 10 cos | BH
M2 | o | o (a) | 4
M5 | o o o o o o (b) Vv Vv
%% o o (c) v Vv
t 1 T2 [ a3 [ af [ a8 [ a8 [0 2] 28] 22
Table 5. M2-M5-W brane system
with
_ (o)
A=TLEe, o0 =T1H a=TLH" 59)
I I I
where
fw(t,z) = Ayt + Hy(2) =1, hn(t,2) = Ant + Hy(2) . (5.10)

Hy, and H,, are harmonic functions on Z space, and .Al(m) satisfies egs. (C.13) and (C.15).
We give one concrete example, i.e. the M2-M5 brane system with M-wave (M2-M5-W).
If M5 brane is time-dependent (M2-M5-W (b): See table 5 for the configuration), the
metric is then given by

ds* = n2°my® [(hgh@)—1 {—dt2 +(dCH? + foldt — dg‘i)Q}
6
Hy dy?)? +hs 'y (de®)? + uijdzzczzﬂ} , (5.11)
a=3

that is
A= h§/3H§/3a go=(hsHs)™', g3=93=9i=95=h;', g2=Hy', (512)
where
hg = Agt + H;(2) . (5.13)
The form field is given by
Fay = — *7 (dhs) Ndy? + dHy P Adt A dCE A dy? (5.14)

where *z is the Hodge dual operator in the four-dimensional Z space.

Since the classification of static solutions is given in [33, 34] and ours is basically the
same, we discuss only interesting cases here. As we discussed in section 4, we can apply the
present solutions to analyze cosmology and black holes. In order to discuss those subjects,
we need either an isotropic and homogeneous three space in the brane world-volume or
three-dimensional (or higher-dimensional) vacuum Z space. However, as seen in table 4, a
wave breaks the isotropy and homogeneity in one wave-propagating dimension, and KK-
monopoles not only give inhomogeneities but also fill branes in many dimensions after
compactifying (-direction. These facts make the application to our interesting subjects
more difficult as the number of KK-monopoles increases. As a result, we find several
examples in the system of small number of branes, but few examples for the system of
large number of branes. In appendix D, we present the brane configurations for those
possible models
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branes dim(Z) Be
M5-W (a) 5 —1/2
M5-KKM(a) 3 0
M5-KKM(c)-1 3 1/5
M5-KKM(c)-2 3 0
M2-M5-W (b) 4 —1/5
case 1 M2-M5-KKM(b) 3 0
(I =M5) M2-M5-KKM(e)-1 3 1/5
M2-M5-KKM(e)-2 3 0
M2-M5-W-KKM(b) 3 0
M5-M5-KKM(a) 3 0
M5-M5-KKM (b) 3 1/5
M5-M5-KKM-KKM{(a) 4 1/13
M2-KKM(a) 3 0
M2-KKM{(c) 3 1/3
M2-M5-W (a) 1 —1/5
case 2 M2-M5-KKM(a) 3 0
(I =M2) M2-M5-KKM(d)-1 3 1/3
M2-M5-KKM(d)-2 3 1/3
M2-M5-W-KK (a) 3 0
M2-M2-KKM(c) 3 1/3
M2-M2-KKM(d) 3 0

Table 6. The power exponent 3. of the scale factor a of possible 4-dimensional cosmological model
is given, i.e. @ oc 79, where 7 is the cosmic time. The labelling (a), (b), --- corresponds to the
configuration given in tables 4 and 16.

5.1 Cosmology

For zero M-brane or one M-brane systems, which we show in table 4, we can discuss
cosmology for many cases. The possible cosmological models are marked by 4/ in the
column “cos” (M5-W, M2-KKM, M5-KKM, W-KKM, KKM-KKM brane systems). For
two M-brane system, the possible models are M2-M5-W, M2-M5-KKM, M2-M5-W-KKM,
M2-M2-KKM, M5-M5-KKM, M5-M5-KKM-KKM. For more than two brane system with
M-waves or KK-monopoles, we have no interesting case. Note that we have only three cases
(M2-W, M5-W, and M2-M5-W) in which spacetime is regular on the branes (at z = z).
For other configurations, the curvature diverges. One may need some mechanism to avoid
singularity if our world is confined on the brane.

In table 6, we summarize the power exponent of the scale factor a of the expanding
universe when the brane is time-dependent. For the case that the wave or KK-monopole is
time-dependent, we always find the same power exponents, i.e,, 3. = 1/3 and —1/3 for the
time-dependent wave and the time-dependent KK-monopole, respectively. In some cases
[M2-KKM(c), M2-M5-KKM(d)-1,2, M2-M2-KKM(d), and the time-dependent wave (Mb5-
W(b), W-KKM(a), M2-M5-W(c), M2-M5-W-KKM(c))], we find that the power exponent
of the scale factor is 1/3, which is that of the expanding universe with stiff matter fluid.

We give a simple example of M2-M5-KKM(a). The metric is given by

6
1/3 172/3 — — — &
ds® = nY/* ! [(hQHg,) H—df? + (dy")?) + by M dy?)? + Hy 'Y (da)?
a=3
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branes d | Beu | BH

M5-W 6| 1/5

case 1 M5-KKM 4| 1/3

(I =M5) M2-M5-W 5| 1/4

M2-M5-KKM | 4 | 1/3

M2-M5-W-KKM | 4 | 1/3

M2-W 9] 1/8

M2-KKM 4] 1/3

case 2 M2-M5-W 5| 1/4

(I =M2) M2-M5-KKM | 4 | 1/3

M2-M5-W-KKM | 4 | 1/3

M2-M2-KKM | 4 | 1/3

M5-W 6| 1/5

case 3 W-KKM 41 1/3
(I =W) M2-M5-W 5 1/4 |
M2-M5-W-KKM | 4 | 1/3 | /

M5-KKM 4| 1/3

W-KKM 4] 1/3

case 4 M2-M5-KKM 4 1/3
(I =KKM) | M2-M5-W-KKM | 4 | 1/3 | /

M2-M2-KKM | 4 | 1/3

Table 7. The power exponent Gpy of the scale factor apg of the asymptotic FRW universe for the
possible 4-dimensional black hole spacetime is given, i.e. agy o< 7784, where 7 is the cosmic time.
The marked one in the column “BH” has a finite horizon area, i.e,, it has a regular horizon.

PR (A + A=) + gzt . (5.15)
The compactified metric in the Einstein frame is

m

ds? = hp/? | =y i + dg?| . (5.16)

This gives 8. = 0 in table 6.
For the case with the wave, we can smear some dimensions (<dim(Z)) just as in
section 4.1, and the result is exactly the same as the case without the wave.

5.2 Time-dependent black holes

We can also discuss some black hole spacetime by compactifying the brane world-volume
as in section 4.2. Although the spacetime is time dependent, near-brane geometry is the
same as that of the static brane solution. If we find the horizon at |z| = 0 for the static
brane solution, we obtain a black hole geometry by compactification. As for the possible
spacetime for a black hole (or object), we summarize our result in table 7.

We show one concrete example of M2-M5-W brane system. The metric is given by
eq. (5.11). Compactifying the brane world-volume, the 5-dimensional metric in the Einstein

frame is given by

d5? = — [hzHy (1 + fio)) 722 dt? + [hgHy (1 + )]/ (dr® +72d93) ,  (5.17)
where
t Q~ QZ QW
he = — + 22 Hy=1+ 2= = 1
5 tO + 7"2 ) 2 + 7"2 ) f 742 ) (5 8)
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This metric is rewritten as

_ —2/3 . 1/3
a5t = — [HsHy (1+ fo)|  dr® + af(r) [HsHa (14 f0)| (dr? +72a03) | (5.19)

where
~ 1
H: =1+ Qi(;) . and apg = (%) b (5.20)
with
_3
Qg = <l> ’ Q:z, and 79 = §to. (5.21)
70 2

The expansion rate of this scale factor is the same as that of the stiff-matter dominant
universe in 5 dimensions. Hence this solution is regarded as a five-dimensional black hole

in the expanding universe.

6 Lorentz invariance and the lower-dimensional effective theory

When we discuss four-dimensional cosmology, we assume that our three space is isotropic
and homogeneous. However, in that case, the time direction can be different from three
spatial directions. In fact if some branes are not filled in this three space, the time direction
which is filled by all branes is not the same as three spatial directions. When we perform a
Lorentz transformation, three spatial directions are not equivalent. For example, suppose
we have M2-M5-M5 brane system. There are two possible cosmological models: the case 1
(M2-M5-M5 (b)) and the case 2 (M2-M5-M5 (a)) (see tables 2 and 10). We assume that we

are living on three space £ = (23, 2%, 2%). Then the four dimensional metric in the Einstein

frame is
dsi = Fy(2) [~ fo(2)dt? + fe(2)d€?] (6.1)
where
Fy = (HsHs) 2 fol2) = fe(2) = (HsHy) ™! for M2-M5-Mb5 (a) ,
P =H; ', folz) = (HyHs5) ™ | fez) = H; ' for M2-M5-M5 (b).
(6.2)

For M2-M5-M5 (a), we have
53 = (HsHy)™%/% (—dt? + d€?) o<, detde” (6.3)

where £# = (t,&). This spacetime is Lorentz invariant. On the other hand, for M2-M5-M5
(b), we find

ds3 = Hy ' (—Hy 'dt? + dg?) . (6.4)
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When we perform a Lorentz transformation in the ¢-¢ plane (& = ¢1);

) _ (r(E=VE
(s/) - (7(5—‘“)) | o

where V is the velocity of new inertia frame and v = (1 — V?)~1/2 is its Lorentz factor,
we have

ds5 = Hy *7 [=(dt')? + (d¢')? + (Hy ' = D)2 (dt' + Vde')?] . (6.6)

The last term in eq. (6.6) gives the breaking term of Lorentz invariance. Hence the order
of magnitude of breaking the Lorentz invariance is

O (Hy" - (Z ,ZQ_Z;CO (6.7)

In order to keep the Lorentz invariance, we need the condition of fo = f¢, which means
that all branes except for one time-dependent brane contain our three space =. Hence 4D
universes constructed from M2-M5 (a), M5-M5, M5-M5-M5, and M2-M5-M5 (a) have the
Lorentz invariance.

We can extend this four-dimensional Minkowski space into a curved space with general
covariance. We take the following metric just as in appendix A:

ds> = A 9oqudEHds” + Z g;( dac 24 Zga dy) 24 ul-jdzidzj , (6.8)
ags, ael agl

where we assume that the four-dimensional metric g,, depends only on £# and that all
branes (or all except for one time-dependent brane) fill our four-dimensional spacetime.
Inserting this metric form, we find the solution

R, ( ) ~0, Rij(Z) =0,
h; = K7€)+ Hy(z) , hy= H(2)for IT#1,
D,D,K; = 0,
NzH; =0 , AzHp =0 forl #1, (6.9)

where = is our four-dimensional spacetime.

Here let us point out the important fact on the nature of the dynamical solutions
described above. We often discuss the four-dimensional effective theories, which are derived
from eleven-dimensional supergravity with branes. In these occasions, we assume that
there exists a Lorentz invariance in the limit of a flat Minkowski space, write down the
scalar curvature, and then integrate the eleven-dimensional action over compactified extra
dimensions to discuss the four-dimensional effective theories.

However, it has been well known for decades that such a procedure is generically
inconsistent: one should work at the level of the field equations, write the field equations
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in lower-dimensional form and then integrate them back to a lower-dimensional action.
In our specific case too, solutions of the effective four-dimensional theories may not give
solutions of the above type with the warp factors in eleven dimensions which depend on
time and z'. This is because they are genuinely D-dimensional so that one can never neglect
the dependence on the bulk space (Z) in the basic equations. Hence the solutions of the
effective theories are quite often inconsistent with the basic equations in eleven dimensions.
This has been recently shown explicitly for a single brane in ref. [9]. Here we would like to
point out that this is also true in the intersecting brane solutions. This fact should be kept
in mind because recently the dynamics of the internal space moduli in higher-dimensional
theories has been investigated by using four-dimensional effective theories.

Let us show one explicit example of M5-M5 brane system. The four-dimensional
effective action is obtained by dimensional reduction from our eleven-dimensional action.
Our solution is

ds* = (hsHs) /3 [q/(2)dd€” + Hary5(X)da® do?
Hhesas(Y)dy®dy® + thg,uab(Z)dz“dzb] ,
Flay = — #7 (dh) A da® A da” — %7 (dHs) A dy® A dyP (6.10)

where *z is the Hodge dual operator in the Z space, and qﬂy(é), r55(X), sap(Y) and
ui;(Z) are the metrics on our four-dimensional spacetime é, two-dimensional space X, two-
dimensional space Y and the three dimensional transverse space Z. Taking into account

the ansatz hg = Kz (&) + Hz(2) and Hs(z), we find the eleven-dimensional scalar curvature
R is

R = (hsHs5)'PR(Z) + (hs Hs)~*? [hs R(X) + H5R(Y) + R(Z)]
5 4
— 2 (hsHs)' o O K; — 5 (hs Hy) ™2/ (h5' Oohs + Hy ' 057 H3)
1 g
+1—2(h5H5)*2/3u” (0; In hgaj In ht:) + 0; In H58j In Hs), (6.11)

where [z and Ay are the D’Alembertian and Laplace operator for é—spacetime and Z-
space, respectively. Assuming Ricci flatness for X, Y and Z spaces, and harmonicity for
H: and Hs (AzH; = AzHs = 0), we get

(1>

S = 5 [ HEORE) = 12 (612)

IE

where *z denotes the Hodge dual operator on =, we have dropped the surface terms,
i = (VxVwV) %k, and H(€) is defined by

K(f) :K5(§)+E, C .= %_1AH5H5 x7 17, (613)

where xz represents the Hodge dual operator on Z, and Vx, Vy, Vy are given by

Vx :/*X]-Xa %% :/*Yly, Vo = /H5*Z 17. (6.14)
X Y Z
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The four-dimensional field equations are then given by

R (2) = K'DuD,K,
02K = 0. (6.15)

If the four-dimensional spacetime 2 is Ricci flat, these equations reproduce the correct ones
for Kz(x) = K — ¢ obtained from the eleven-dimensional theory before. However, the Ricci
flatness of = is not required in the present effective theory (6.12) unlike in the full eleven-
dimensional theory (2.1). Hence, the class of solutions obtained in the four-dimensional
effective theory are much larger than the higher-dimensional original theory [9]. This makes
the higher-dimensional solutions even more restrictive than those of the four-dimensional
effective equations. This is because the information of the internal space which gives
constraints on the lower dimensions was lost after compactifying the internal space.

We note that the effective theory has a modular invariance similar to the no-flux case
Fy = 0. In fact, by the conformal transformation dSQa = K_lds%, (6.12) is expressed in
terms of the variables in the Einstein frame as -

1 = 3
S = ﬁ/s [R(:) *z 1z — §dgp A xzdp| (6.16)

where R(Z) is the scalar curvature with respect to the metric dsZ, *= denotes the Hodge

dual operator on Z, and ¢ = \/g In K. The corresponding four-dimensional Einstein
equations in the Einstein frame and the field equation for ¢ are given by

Ruu(é) = DuSD Du%
Oz =0. (6.17)

It is clear that this action and the equations of motion are invariant under the transforma-
tion p — —p + A, where A is an arbitrary constant.

7 Concluding remarks

In this paper, we have derived general intersecting dynamical brane solutions, given the
complete classification of the intersecting M-branes, and discussed the dynamics of the
higher-dimensional supergravity models with applications to cosmology and black hole
physics. The solutions we have found are the spacetime-dependent solutions. These solu-
tions were obtained by replacing a time-independent warp factor h; = Hj(z) of a supersym-
metric solution by a time-dependent function h; = At + H;(z) [14, 27]. Our solutions can
contain only one function depending on both time ¢ and transverse space coordinates z°.
Supposing that our universe stays at a constant position in the bulk space Z (zg),
we have shown that several four-dimensional effective theories on the branes give four-
dimensional Minkowski space or FRW universe. The power of the scale factor, however, is
too small to give a realistic expansion law. This means that we have to consider additional
matter on the brane in order to get a realistic expanding universe. On the other hand, we
can also discuss time-dependent black hole spacetimes which approach asymptotically the
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FRW universe, if we regard the bulk space as our universe. The near horizon geometries of
these black holes in the expanding universe are the same as the static solutions. However
the asymptotic structures are completely different, giving the FRW universe with scale
factors same as the universe filled by stiff matter.

In the viewpoint of higher-dimensional theory, the dynamics of four-dimensional back-
ground are given by the solution of higher-dimensional Einstein equations. For instance,
in the black p-brane system, the solution tells us that the (p + 1)-dimensional spacetime X
is Ricci flat. The (p + 1)-dimensional spacetime is then similar to the Kasner solution for
the (p + 1)-dimensional background [14]. On the other hand, if we start from the lower-
dimensional effective theory for warped compactification, the solutions may not be allowed
in the higher-dimensional theory. We have shown that it is the case in M5-M5 brane sys-
tem. The same is true for M5-M5-Mb5 and D2-D6 brane systems in ten-dimensional type
IIA theories. This is because the function of z in the metric is integrated out in the lower-
dimensional effective action. Then, the information of the extra dimensions in the function
h of the metric will be lost by the compactification. This result implies that we have to be
careful when we use a four-dimensional effective theory to analyse the moduli stabilization
problem and the cosmological problems in the framework of warped compactification of
supergravity or M-theory [9] (see also [10, 11, 40-43] for recent progress in the effective
theory for warped compactifications).

We have also noted that if the Lorentz invariance is not kept on the lower-dimensional
world-sheet, the lower-dimensional effective action cannot be written in the covariant form
for the lower-dimensional metric. Some of the four- or five-dimensional effective theories in
this paper thus have broken Lorentz invariance on the world-sheet. Although the examples
considered in the present paper do not provide realistic cosmological models, this feature
may be utilised to investigate a cosmological analysis in a realistic higher-dimensional
cosmological model.

As we stated above, our solutions can contain only one function depending on both
time and transverse space coordinates, and this seems to be a limitation on the applications
of the solutions. Recent study of similar systems depending on the light-cone coordinate
and space shows that it is possible to obtain solutions with more nontrivial dependence
on spacetime coordinates [44]. It is interesting to study if similar more general solutions
can be obtained by relaxing some of our ansidtze. We hope to report on this subject in the
near future.
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A Dynamical solution of a single p-brane

In this appendix, we briefly summarize the results for the case of a single dynamical p-
brane [14]. We consider a single p-brane in our action (2.1) [2]. In what follows, we use the
same notation for the variables and parameters of this single brane dropping the suffix [I.

To solve the field equations (2.3a), (2.3b), and (2.3c), we assume the D-dimensional
metric in the form

ds? = h®(x, 2)u;j (Z)dz'd2? + hP (2, 2) gy, (X)dztdz”, (A1)

where g, is a (p+1)-dimensional metric which depends only on the coordinates z# = (t, z%)
with o being the spatial coordinates of the brane, and u;; is the (D — p — 1)-dimensional
metric which depends only on the coordinates z’. The parameters ¢ and b are given in
egs. (2.6). Note that in the case of interacting branes, we divide the coordinate for branes
into two parts; the time coordinate ¢ and the spatial coordinates of brane world-volume

@ and assume that the metric depends on only ¢ and z%, but not on z® The metric

x
form (A.1) is a straightforward generalization of the case of a static p-brane system with a
dilaton coupling [2].

We also assume that the scalar field ¢ and the gauge field strength F{, ) are given by
eq. (2.7)

With the above ansatz, the Einstein equations are given by
b
2
Rl'j(Z) — guij (Axh + h_lﬁzh) =0, (A2b)

0u,0;h = 0, (A.2¢)

Ru(X) = h™'D,Dyh — —h™'qu, (Axh+h™tAzh) = 0, (A.2a)

where D,, is the covariant derivative with respective to the metric g,,,, Ax and Az are the
Laplace operators on the space of X and the space Z, and R, (X) and R;;(Z) are the Ricci
tensors of the metrics ¢, and wu;;, respectively. From eq. (A.2c), the warp factor h must
be in the form

h(z,z) = K(z) + H(2). (A.3)

With this form of h, the other components of the Einstein equations (A.2a) and (A.2b) are
rewritten as

R (X)-h'D,D,K — gh—lqw (AxK +h™tAzH) =0, (A.4a)
Ri;(Z) — guj (AxK + b ' AzH) =0, (A.4b)

Next we consider the gauge field. Under the assumption (2.7), we find
dF(pi9) = h™1(20;Inhd;Inh + h™'9;0;h)dz" A dz? A QX) = 0. (A.5)

Thus, the Bianchi identity is automatically satisfied. Also the equation of motion for the
gauge field (2.3c) becomes

Ao By = )] =0, e

,26,



where %7 denotes the Hodge dual operator on Z. Hence, the gauge field equation is auto-
matically satisfied.

Let us consider the scalar field equation. Substituting the forms of the scalar field and
the gauge field (eq. (2.7)), and the warp factor (A.3) into the equation of motion for the
scalar field (2.3b), we obtain

Sh (AxK +h AgH) =0, (A7)
Thus, unless the parameter c¢ is zero, the warp factor h should satisfy the equations
AxK =0, AzH=0. (A.8)

If F,49) # 0, the function H is non-trivial. In this case, the Einstein equations reduce to

Ry (X)
Ri;(Z)
D,D,K =

0,
0, (A.9)
0.

If Fl;42) = 0, however, the function H becomes trivial, and then the internal space is no
longer warped [9].

We show an example. We consider the case

Quv = Nuv > Ui5 = 5ij ; (AlO)

that is, we have the (p + 1)-dimensional Minkowski space and the (D — p — 1)-dimensional
Euclidean space. In this case, the solution for h is obtained explicitly as

h(z,z) = Auah + B+ Y P Q (A.11)
k

where A, B and () are constant parameters.

For the case of ¢ = 0, the scalar field becomes constant because of the ansatz (2.7),
and the scalar field equation (A.7) is automatically satisfied. Then, the Einstein equa-
tions become

RW(X) =0,
1
Ri(Z) = 5alp+1) Auyi(2), (A.12)
DyDy K = X (X),
where A is a constant. We see that the internal space Z is not Ricci flat, but the Einstein

space if A # 0, and the function K can be more non-trivial. For example, if g, = 7., K
is no longer linear but quadratic in the coordinates x* [27].
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01|23 |4|5|6|7|8]9]10 1 cos | BH
(M2)2 | M2 [ o] oo (a) | - vV
M2 | o o| o
M2M5 | M2 | o | o o (a) Vv Vv
M5 | o oo o ® | vV Vv
(M5)2 | M5 [ o] oo o @ | v | V
M5 | o] o] ofo o | o

Table 8. Intersections of two M-branes.

B Classification of intersecting branes

In this appendix, we present a complete classification of time-dependent intersecting M-
branes. For two ~ four brane systems, we give all possible brane configurations and those
metrics explicitly in tables 8-15. In the first tables in these tables, circles indicate where
the brane world-volumes enter, and the time-dependent branes are indicated by (a) and
(b) for different solutions. When the solutions can be used for cosmology and black hole
physics, they are marked in the corresponding columns. In the second (continued) tables,
concrete metrics are given in the notation of section 3 with the dimensions of transverse
space Z for each time-dependent case indicated in the first tables by (a) and (b).

For more than four branes, we show only simplified tables (tables 16-19) to save the
space because these systems do not have applications to cosmology and black hole physics,
and are not so interesting. They are included for the sake of completeness. In these
tables, we show which branes are involved, and dimension of the transverse space Z, and
the following columns with kKM give the numbers of dimensions containing k branes. For
example, (2, 2, 2, 2, 1) in the first row of table 16 means that there are these numbers of
dimensions in which the world-volumes of 1 M-brane, 2 M-branes and so on lie. Though
these are not so explicit, they are useful to identify the explicit brane configurations with
higher numbers of branes from the systems with lower numbers step by step. In the
next column is given how many different time-dependent solutions are obtained according
to which brane we give the time dependence. For example, M5(3) in the first column of
table 16 means that there are only three kinds of different solutions when we choose different
time-dependent M5 branes. This is because there are same kind of M5 branes which give
the same time-dependent solutions. Which brane gives different time-dependent solutions
can be easily identified if we check the patterns of how many branes each coordinate of the

brane contains.

C Dynamical solution of KK-wave and KK-monopole

C.1 KK-wave

Here, we discuss the dynamical solution of of KK-wave. We start from (D — 1)-dimensional
spacetime, and consider the KK 2-form F4p with a coupling to the dilaton. Replacing D
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M2M2 A=n"H)" g5 =hy ' Hy'
dim(Z) 9a Ja
(a) 5 91=9§=hg1 g3 =ga=Hy"
M2M5 A=n"H"> g0 =hy'H !
dim(Z) 9a ga
(a) 4 gi=h'Hi'gs=hi' | ¢2=g3s=ga=g5=H;'
M2M5 A=n"nl? go=h'HI!
dim(Z) 9a Ja
(b) | 4 g1 =hg ' Hy' g6 = !
95=935=91=95=h: '
M5M5 A=h"Hy”? g5 =hy 'Hy'
dim(Z) 9da Ja
(a) 3 91 =95 =95 =h; 'Hy' 96 = g7 = Hy '
91 =95 =h;"

Table 9. (Continue) Concrete metrics for two M-branes.

0O|1]21|3 5167|8910 I cos | BH

M5 | o|lo|o]o o (a) Vv -

M5 | o] o] o] o o | o

M5 | o| o] o] o o | o

M5 | o|o|o| o] o] o (b) — v
(M5)3 M5 | o|o]|o]o o| o

M5 | o | o ol ol o

M5 o o o o o (C) — —

M5 | o| o] o] o o | o

M5 | o| o] o o o o

M2 | oo |0 @[ v |V

M5 | o | o o|lol|l o] o (b) Vv v
M2(M5)2 | M5 | o ololo]o o

M2 | o | o (a) - —

M5 | o | o o| ol o (b) — -

M5 | o | o o o | o

M2 | o|o|o (a) | Vv
(M2)2M5 | M2 | o o | o

M5 | o o oo o ) | vV v

M2 | o|o|o (a) - v
(M2)3 M2 | o oo

M2 | o o | o

Table 10. Intersections of three M-branes.

with (D — 1) and substituting p = 0 into egs. (2.3a), (2.3b), (2.3¢c), (2.6), and (A.1), we
find the electric 0-brane solution in (D — 1) dimensions written by

_Db-4 1 . .
dsh_1 = —hw P73dt* 4+ h” 7 wi(Z) d2'd2, (C.1a)
D—2
e = hyY 277V, AW = (h ' — 1) dt, (C.1b)
Ri;(2) =0, (C.1c)
hy(t,z) = Ko(t) + Hy(2), Ky(t) = Ayt + By, AzH, =0, (C.1d)
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M58 A=n"HH® g5 = hs "Hy 'H,"
dim(Z2) ga ga
(a) 1 91 =95 =93 = hy "Hy 'H' g6 =g7 = Hy '
91 =95 =h:" g8 =go=H_'
)| 3 g1 = hg 'Hy 'H'
95 =95 =hz "H! g6 = g7 = Hy "H,'
91 =95 =hz"H'
(c) 2 91 =95 =h; 'Hy 'H! g6 = Hy 'H'
gg=hg1H§1,gg=hg1H§1 g7 = H!
gz = hgl gs = H571
M2M5° A=n/u go=h3 ' HI'H !
dim(Z) 9a Ja
(a) 3 g; =hy "Hy' g3 =gas=gs=Hy 'H"
g5 =hy'H'! g6 = Hy '.g7 = H,'
(b) 2 g9i = hy 'Hy 'H! g3 =ga=H;'
g5 =h3' 95 = g6 = Hy "H,'
g7 =gs = H,'
M2M52 A= go=hz'Hy'HI!
dim(2) ga Ja
(c) 3 gi =hy'Hy! g2 = Hy 'HS!
93 =93 =95 =hg ' H;' g7 = H5!
95 = hs
(d) 2 g =hz 'Hy 'HI! g2 =H;"
95 =93 =hz ' g7 =gs=Hj'
95 =95 = hz 'HZ'
M22M5 A=nl"m) go=h3 Hy'H?
dim(Z) 9a Ja
(a) 3 g9i = hy 'Hy' g3 = Hy 'Hy '
g5 =h3' g1 =Hy'
gi = hg—lH2—1
M22M5 A=n""m,"n)" go=h:'Hy'H"
dim(Z) 9a Ja
(b) 3 gi =hy 'Hy!
g5 = hngg,l go = H;l,g4 _ H;/l
gg=g@=97=h;:1
M2? A=nPm) 1)’ go=h3 Hy'H!
dim(Z) 9a Ja
(a) 4 gI:gézh‘é_l g3 =ga=Hj'
95 = g6 = H},'

Table 11. (Continue) Concrete metrics for three M-branes.

where F = dA™), and R;;(Z) and Ay are the Ricci tensor, and the Laplace operator with
respect to the (D — 2)-dimensional metric u;j, and Ay, and By, are integration constants.
Before going to D dimensions, we have to rescale the metric (C.1d) to put it in the D-
dimensional Einstein frame. This is given by the conformal transformation

(D-3)

IMN- (C.2)

gun = h3 Y
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oO|1|2 (3|4 |5|6|7|8]|]9]10 I cos | BH
M5 |o|lo|lo|o]o]o (a) — —
M5 | o|o|o]o o (b) — —
M5 | o | o] o o
M5 | o | o o | o o
M5 | o|o|o] o o (c) — —
M5 | o | o] o] o o o
M5 | o | o] o o o
(M5)* M5 | oo o o o

M5 [ o|o|o] o o (d) — —
M5 |o|o]|ofo ol o (e) — —
M5 | o | o] o o o o
M5 | o| o] o o| o o
M5 |o|o|o|lo|o]o () — —
M5 | o | o] o] o o | o
M5 | o| o] o o o
M5 | o | o] o o o
M2 | o|o|o (a) - -
M5 | o | o o ol o (b) — —
M5 | o | o o o
M5 | o | o o| ol o
M2 | o | oo (c) — —
M5 | o | o o o| o (d) — —

M2 (M5)3 | M5 [ o | o o o o
M5 | o | o o o | o o
M2 | o|o|o (e) - -
M5 o o o o o (f) — —
M5 o o o o
M5 | o oloflo]|o|o (g) — —

Table 12. Intersections of four M-branes I.

Gathering the above results, we find the D-dimensional metric of KK-wave [45]:

ds® = gunde™da™ = —hldt? + hy [dC + (bt = 1)dt]” + uyd2'd2?
= —dt? +d¢® + f (dt — dC)? + uijdz'd2? (C.3)

where u;; denotes the (D — 2)-dimensional metric depending only on the transverse coor-
dinate z*, while the function hy = 1 + fy can depend on both ¢ and z'.

Now we discuss the dynamical solution of Einstein equations for D-dimensional met-
ric (C.3). Substituting the metric (C.3) into then vacuum Einstein equations, we obtain

— Aghy 4 (hy — 2)07hy = 0, (C.4a)
(1 = hy)O2hy + Aghy = 0, (C.4b)
O0ihy = 0, (C.4c)

hyO2hy — Dghy = 0, (C.4d)

Ri;(Z) =0, (C.4e)

where Az and R;;(Z) are the Laplace operator and the Ricci tensor with respect to the
metric u;j, respectively. From (C.4c), we get

hy(t,z) = Ky (t) + Hy(2). (C.5)
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M54 A= (hgHsHz Hgr)?/3 g5 = (hzHsHs Hygr )™
dim(Z) ga Ja
(a) 2 91 = (hgHsHg Hsi) ™', g5 = (hgHs Hsr) ™! 96 = (HsHs) ™!
95 = (hgHsHs) ™', g3 = (hgHs Hgi )1 g7 = (HsHzn)™!
g5 =h' gs = (Hy Hzn) ™!
(b) 2 97 = (hgHs Hg Hgn) ™ 94 = (HsHg Hsrr) ™
95 = (hgHsHs) ™", g5 = (hgHsHg ) ', g5 = Hy'
95 = (hgHs') "', 95 = (hgHs) ! g8 = (Hs Hyrr)~
(c) 1 91 = (hgHsHg Hg) ™' g5 = (hgHs Hyr) ™! gs = (H5Hf/Hr~)’
= (hgHsHs1) ™', g5 = (hgHs Hgn) ! g7 =H; "', gs = H,
95 = hfl go=H,'
(d) 1 91 = 95 = (hs H’H5’H5”) g6 = (H’H5’H5”) '
:( )71=94*(h Hgr)™? gr=H;' gs=H
gs = (hgHg) ™! go = H}
(e) 1 97 = 95 = (hgHsHg Hyrr)™* g4 = (HsHs)™!
95 = (hgHs)™', g5 = (hgHs Hg) ™" 95 = (HsHgi) ™!
97 = (hg) " gs = Hy ' go = H,/'
(f) 2 91 = 95 = (hgHs Hy Hyrr)™? g6 = (HsHs/)™!
93 = (hgHs)™ ", g5 = (hgHs) ™" g7 = (HsHgn)™!
g5 = (hgHyr)~! gs = (Hs Hs)~?
M2M53 A=h./*(HsHy Hy)?/? 90 = (hsHs Hs/ Hg )1
dim(Z) ga Ja
(a) 2 91 = (h§H5H5/H5//)71 g3 = g4 = H H T
g§=h§1 95=96—H H5//1
g1 =95 = Hy 'H,/
(c) 1 97 = (hsHs Hy Hgrr) ™! 93 = (H’H5’H5”) .94 =H3 'H'
g5 =h3' = H, H,,,,g67H 1H57}
g7 = H5 98 =HZ", go = H;,l
(e) 2 91 = h;nglH;,1 g3 = g4 = (H5Hr/Hr//)_
g5 =h3 'Hy) gs=H; 'H_,} gs = H,, H_,}
g7 = H '\ gs = H,
M2M5? A=nm Pl go = (hg HoHs Hy/ )~
dim(2) 9a Ja
(b) 2 g7 = (hgHoHsHy) ™1 g2 = H, !
93—94—h 1H1 97298:H51H571
g5 = 9§ = h H !
(d) 1 91 = (h H2H5Hr/) g2 = Jing
95 =h; (HrHsf) Y95 =h; tpgt g5 =H;'H,'
gﬁfh H5/ =97*h' 98:H5_1799:H5_/1
(f) 2 91 =h; THyTHST g2 =Hy 'H,'
937947]1 1H—1H—1 96:H5—1H5—/1
95 = hz gt ,g7—h~ gs = Hy '
(2) 2 g2 =hZ Tyt g1 =Hy 'H; 'H"
95 =93 =h: ' Hy 1H,,1 g7 =Hy "
g5 = hz 1H—l,gGJL H, gs = H'

Table 13. (Continue) Concrete metrics for four M-branes 1.

egs. (C.4a), (C.4b), and (C.4d) are written by linear combinations of terms depending on
both t and z*, and those depending only on z*. Then, in order to satisfy egs. (C.4a), (C.4b),
and (C.4d), we obtain

0?Ky =0, AgH, =0. (C.6)

We note that the function Ky (t) depends on the linear function of the time ¢. The Einstein
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1123|4156 7|8]9]10| I |cos |BH

M2
M2
M5
M5
M2
M2
(M2)2 (M5)2 | M5
M5
M2
M2
M5
M5
M2
(M2)% M5 M2
M2
M5
M2
M2
(M2)4 M2
M2

o|lo|o|Jo|Oo|jOo|O|JO|O|O|]O|O|lO|O|O|]O]|O|O|O|O]|OD
o

o o

Table 14. Intersections of four M-branes II.

equations with the metric (C.3) are reduced to

hw(tvz) = Kw(t) + HW(Z)7

OPK,, =0,
AgHy =0,
Ri;(Z) = 0. (C.7)

Especially, for the case of u;; = d;;, we find the solution of the KK wave as

ds® = —dt® + d¢® + fo (dt — dC)? + uijdz'dz’
ful(t,2) = hy(t,2) — 1, (C.8)

with

hy(t,z) = Ky(t) + Hy(2),
Ky(t) = Ayt + By (C.9)

QW k
(2) = Cw + ,
Z |z — 2z, |P—4
where Ay, By, Cy, Qw are constant parameters and zj represent the positions of the

branes in Z space.

C.2 KK-monopole

Next we discuss the dynamical solution of KK-monopole [35, 36]. In the reduced (D — 1)-
dimensional picture, it has to be a magnetically charged (D—5)-brane with a 2-form F| (D—3)-
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M22M52 A = (haH2)Y/3(Hs Hy)?/3 g5 = (hsHaHsHs )™ !
dim(7) 9a Ja
(a) 1 97 = (hsHs Hg) ™" 92 = (H2Hs5Hz )~ ', g3 = (Hs Hs )1,
gs =h3! ga=g5=H;" gs = g7 =H"
go = Hgl
() 2 gi = (h3HsHs/)™? g2 =93 = (HsHg/) ™!
gs = h3' 94 = (Hz2Hs)™!, g5 = Hy '
g6 = (HaHs) "', g7 = H,'
(d) 2 95 = (h3HsH) ™! g1 = (HaHsHg )~
95 = (haHs) ™', g2 =93 = (HsHg) ™!
gs=Hy ' g7 =H," gs =Hy"
(f) 3 g5 = (h3Hs)™! g1 =92 = g3 = (HsHz )"
95 = (hsHy) ', g5 = (HaHs)™ ', g7 = (H2Hy/) ™
M22M52 A=n2 0y 3 0 90 = (hg HoHy Hz) ™!
dim(Z7) 9a Jo
(b) 1 g7 = (hgHaHs) ™! g6 = g7 = H; |
95 = (hgHor H5) ™! gs = Hy '
95 = (hsHs)"', 95 =95 = h:" go = H,'
(e) 2 gi = (hgHaHs)~! g6 = (HoHs)™!
95 = g3 = (hgHs)™* g7 =H "
93 = (hgHy) ™', gs = hZ' gs = H '
(g) 3 9i =95 = g3 = (hsHs)~* g6 = (H2Hs)™!
93 = (hgHz) ", g5 = (hgHy) ™" g7 = (Hy H5) ™!
M23M5 A= h>(HyHy H5)*/3 90 = (hg Ho Hy Hg) ™!
dim(Z) 9a Ga
(a) 2 97 = (h3Hs)™* 93 = (H2Hs)~1, g4 = Hy |
95 =h3' 95 = (Hy Hs)™', g6 = H,,'
gr=gs=H;'
M23M5 A= 02 (HyHy Hy)'/3 go = (hg HaHy Hon )1
dim(Z) 9a Ja
(b) 2 91 = (hgH2)™", g5 = (hgHyr) ™" g2 =Hy "
95 = (hgHan) ™! ga = Hy,'
g5 =gz = hgl g6 = HQ_HI
M24 A= (hQHQHngz//)Q/S go = (h§H2H2IH2//)_1
dim(2) 9a Ja
(a) 2 g3 =ga=H'
91 =95 =h3" g5 = g6 = H,,'
g7 =gs = H,;

Table 15. (Continue) Concrete metrics for four M-branes II.

Replacing D with (D —1) and substituting p = (D —5) into egs. (2.3a), (2.3b), (2.3c), (2.6),
and (A.1), the electric (D — 5)-brane solution in (D — 1) dimensions can be written as

1 D—4

dsip_1y = hm” P qudatda” + hi " ui;(Z)d2'd2?

, Fip_gy = d(hy') Av/=qda® A+ A daP 75,

)
hm(z,2) = Kn(xz) + Hn(2), D,D,Ky =0,AzHy, =0, (C.10)

where R, (X), D, and ¢ are Ricci tensor, covariant derivative, determinant constructed
from the (D — 4)-dimensional metric g,,, which depends only on the coordinate z*, R;;(Z)
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and Ay are Ricci tensor, Laplace operator with respect to the three-dimensional metric
u;; which depends only on the coordinate 2'. Before going to D dimensions, we have to
rescale the metric (C.10) to put it in the D-dimensional Einstein frame. Then we use the

conformal transformation

Collecting the above results, we find the D-dimensional metric of KK-monopole:

JMN

ds® = gMNdach:cN
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— hf;l/(D*?))

9gMN -

branes dim(Z) | IM | 2M | 3M | 4M | 5M | I(#) | cos | BH
1 2 2 2 2 I [ M) | — | =
(M5)5 1 1 4 2 0 2 | M5(2) | — —
2 0 2 4 1 I [ M52) | — | =
M2(1) | — | —
1 3 1 3 2 0
M5(2) | — | —
2 0o | 4| 2 |2 | o M) -] -
M2(M5)* M5() | — | -
M2(1) | — | -
1 1 6 0 1 1
M5(1) | — | —
M2(1) | — | —
1 2 1
St M52 | = | =
1 3013|2110 iﬁ(;) -
(M2)%(M5)3 M2E1§ — —
2 1 3 4 0 0 — —
M5(2) | — | —
1 413|200 mg(f) -1 -
(M2)3(M5)2 MQEQ; il i
2 1 6 1 0 0 — —
M5(1) | — | —
M2(1) | — | —
M2)4(M5)! 1 5 4 0 0 0
(M2)*(M5) MBI | = =
Table 16. Intersections of five M-branes.
branes dim(Z) | IM | 2M | 3M | 4M | 5M | 6M | I(#) | cos | BH
1 0 3 4 0 0 2 | Ms(1) | — | —
(M5)6 1 1 2 2 2 1 1 | M5(3) | — -
2 0 0 1 3 0 I [ M5(D) | — | =
M2(M5)® 1 12 a1t o | MO -] -
M5(2) | — | —
M2(2) | — | —
1 1 4 2 1 1 0
M5(1) | — | —
M2(1) | — | -
M2)2(M5)4 1 2 2 2 3 0 0
(M2)*(M5) M5(2) | — | —
M2(D) | — | —
2 2 4 2
0 0 0 M5(D) | — | —
M2(2) | — | —
1 2 1
(M2)3(M5)3 ¢ ¢ 0 0 M5(2) | - | —
M2(1) | — | —
2 0 3 5 0 0 0
M5(1) | — | —
M2(2) | — | -
M2)%4(M5)? 1 2 5 2 0 0 0
(M2)*(M5) MBI | = =
Table 17. Intersections of six M-branes.




branes dim(Z) | IM | 2M | 3M | 4M | 5M | 6M | ™ I1(#) cos | BH
1 1 0 4 0 3 0 1 IVI5(2) — —
(Ms)7 1 0 | 3]0 4| 01 1 | M52 | — | —
1 0 | o 710 ] 01 0] 2 |[M2 | - | -
2 0 0 0 7 0 0 1 M5(2) — —
M2(M5)6 1 1o a3 oo |1 MO -] -
M5(1) | — | —
M2(2) | — | —
1 1 2 4 1 1 0 0 M5(1) — —
3 4 M2(1) | — -
(M2)3(M5) 1 L3 | 1|4 o]0 o0 == T 1
M2(1) | — | —
2 0 0 6 2 0 0 0 M5(1) — —
M2)%(M5)3 1 1 4|1 M2(2) | - | -
(M2)*(M5) 3 U I o=
Table 18. Intersections of seven M-branes.
branes dim(Z) | IM | 2M | 3M | 4M | 56M | 6M | 7M | 8M | I(#) | cos | BH
M2(M5)7 1 tlolol 7 lolo]o| 1 M| -]~
M5(1) | — | —
1 ol 40| 5| 0|lo0o]o]o ﬁQ(P i
(M2)*(M5)* Mgég S
1 1 0 6 1 1 0 0 0 M5(1) — —
Table 19. Intersections of eight M-branes.
A 2 . .
= qu(X)datdz” + h! (dc + Agm)dy) + houij (2)dzid2d (C.12)

where gy, is (D —4)-dimensional metric depends only on the coordinate z#, and w;; denotes
the three-dimensional metric depends only on the transverse coordinate 2%, and the function
hu depends on z# as well as 2*, and relation between hy, and Agm) is

Fij = 0AM™ — 9,4 = — i1 0% (C.13)

Substituting the metric (C.12) into the D-dimensional vacuum Einstein equations,
we obtain

Ry(X) = hy' DyDyhy = 0, ( )
h;lla“aihm =0, ( )

h? Axhy = 0, (C.14c)

A B2 Axh + A3 Aghy, = 0, (C.144)
( )

m m 1 —
( ).A( )> Ath — §hm1uijﬁzhm = O,

1
Rz‘j(Z) - = (uij - hI;Q.AZ j

2
where D,,, Ax, R, (X) are covariant derivative, Laplace operator, Ricci tensor with respect
to the metric g, and Az, R;;(Z) are Laplace operator, Ricci tensor with respect to the
metric u;;, and we assume

8, A™ =0, (C.15)
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Using eq. (C.14b), we get
hm(z,z) = Kn(z) + Hn(2). (C.16)

Equations (C.14a), (C.14d), (C.14e) are written by the combination of the term de-
pending not only on z® but 2%, and depending only on z’. Then, in order to satisfy
egs. (C.14a), (C.14b), and (C.14c), we choose

D,D,K =0, AzH =0, R.p(X)=0, R;jZ)=0. (C.17)
The Einstein equations in the metric (C.12) are then reduced to

hm(z,2) = Kn(z) + Hn(2),

D,D, Ky =0,
Ay Hy = 0,
R (X) =0, Ri;(Z)=0. (C.18)

For q,, = M, uij = 0;5, we can obtain the solution of Einstein equation explicitly

45 = mydada” + hun(d=')? + B! (dC + .A(m)dzi)Q (C.19)
v m m i ) .
with
hm(z,z) = Kp(x) + Hy(2),
Km(x) - Am(u) " + B,
Qm k
Hy(z) = Cy : C.20
() = Cnt D (C.20)
where Ay, (1), Bm, Cm, Qm &, 2x’s are integration constants.

D Intersecting branes with M-waves and KK-monopoles

A complete list for static brane system with M-waves and KK-monopoles are given in [34].
Hence we pick up only interesting cases in which one can discuss cosmology or a black
hole (object) in table 20. In the table, circles indicate where the brane world-volumes
enter, ¢ represents the coordinate of the KK-monopole, and the time-dependent branes
are indicated by (a) and (b) and so on for different solutions. When the solutions can be
used for cosmology and black hole physics, they are marked in the corresponding columns.
The applications of these solutions to cosmology and black hole physics are discussed in
section 5.
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ol1| 2 |3|4a] 5 6 7 8 9 10 I cos | BH
M2 |o] o o (a) - Vv
M2 o o| o
M2-M2-KKM | KKM [0 | o | o |o| o] o o ¢ LA A A ) | - | v
M2 |o] o o (c) v -
M2 |o ol o @ | v| -
KKM |o| ¢ Agm) ol o o o o o Aém) Aggl) (e) v |-
M2 |o] o o (a) vV
M2-M5-W | M5 |o| o olo| o ° (b) Vv
W |o]¢ (c) Vv
M2 |o] o o (a) vV
M5 |o] o ol o o o (b) v IV
M2-M5-KKM [ KKM [o| o | o |o|lo | o o ¢ A A T Am (o vV
M2 |o] o o (d)-1,2 | v/ | —
M5 [o] o olo]| o o (-1,2| v | -
KKM o] ¢ [ A/ o] o] o [AM™] o o o A 1,2 v | -
M2 |o] o o (a) vV
M2-M5- M5 |of o olo| o ° (b) vV
W-KKM W |o|¢t (c) vV
KKM [o|o| o [o]o] o o | ¢ AW AT A @ | vV
M5 |o] o o ol o o (a) - Vv
M5-M5-W | M5 |o| o | o |o ° °
W |o] ¢ (b) - |V
M5 |o] o o ol o o (a) Vv -
M5-M5-KKM | M5 |o| o | o |o ° ° (b) v |-
KKM|o|o]| o |o]o] o ¢ 1AM o A TA ] © | v -
M5 |o] o o ol o o (a) Vv -
M5-M5- M5 o| o o o o o
KKM-KKM [KKM [o| o | o [o] o] o [ ¢& [AM™] o [A™][A ] ®) || -
KKM |o| o o o ¢t Bém) o o o Bém) BY&I)

Table 20. Intersecting M-branes with M-wave and KK-monopole. Here we show only the inter-
esting cases which can be applied to cosmology or a black hole system. The labelling (a), (b), ---
in the column “I” denotes which brane (or wave, KK-monopole) is time dependent. In the second
case of M2-M5-KKM system, there are two possibilities which space dimensions can be our three
space, i.e., the case 1: [(¢1,€2,€3) = (23,2, 2%)] and the case 2: [(¢1,€2,€3) = (27,2%,2%)]. We
show them by (d)-1 (d)-2, (e)-1, (e)-2, or (f)-1, (f)-2.
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